This Letter studies the computational complexity of quantum discord-a measure of quantum correlation beyond quantum entanglement, and proves the NP-completeness of computing quantum discord. Therefore quantum discord is commonly believed computationally intractable in the sense that the running time of any algorithm for quantum discord scales at least exponentially with the dimension of the Hilbert space, which imposes serious fundamental limitations on the future development of quantum discord. As by-products several entanglement measures, namely entanglement cost, entanglement of formation, relative entropy of entanglement, and squashed entanglement are NP-hard (or NP-complete) to compute. These complexity-theoretic results are directly applicable in common randomness distillation, quantum state merging, entanglement distillation, superdense coding, quantum teleportation, etc. In addition, I prove the NP-completeness of two relevant problems: linear optimization over classical states and determining whether there are classical states in a given convex set of states, providing strong evidence that working with classical states is generically computationally intractable. , and potentially other quantum information tasks in the future, which establishes quantum discord (and related measures) a hot research topic in the past a few years [25] . Nevertheless, computing quantum discord seems extremely difficult. Few analytical results are known even for very "simple" quantum states: e.g., the analytical formula of quantum discord for two-qubit X states given in [26] is not always correct [27, 28] . Hence in general we can only compute quantum discord numerically.
Quite a few fundamental concepts in quantum mechanics do not have classical analogues: uncertainty relations [1] [2] [3] [4] [5] , quantum nonlocality [6] [7] [8] [9] , etc. Quantum entanglement [8, 9] , defined based on the concept of Local Operations and Classical Communication (LOCC), is the most prominent manifestation of quantum correlation. It is regarded as a precious resource, enabling quantum information tasks like superdense coding [10] , quantum teleportation [11] , quantum state merging [12, 13] , etc. A number of entanglement measures [8, 9] have been reported aiming at qualifying entanglement. However, nontrivial quantum correlation also exists in certain mixed separable (not entangled) states. For instance, deterministic quantum computation with one qubit (DQC1) [14] is an experimentally accessible [15] model of mixed-state quantum computation with little entanglement. It is argued [16, 17] that quantum discord [18, 19] , a measure of quantum correlation beyond entanglement, is responsible for the quantum speed-up over classical algorithms. Quantum discord is also a useful concept in common randomness distillation [20] , quantum state merging [21] [22] [23] , entanglement distillation [23, 24] , superdense coding [23] , quantum teleportation [23] , and potentially other quantum information tasks in the future, which establishes quantum discord (and related measures) a hot research topic in the past a few years [25] . Nevertheless, computing quantum discord seems extremely difficult. Few analytical results are known even for very "simple" quantum states: e.g., the analytical formula of quantum discord for two-qubit X states given in [26] is not always correct [27, 28] . Hence in general we can only compute quantum discord numerically.
The theory of NP-completeness is the most fundamental and remarkable since the birth of computational complexity theory. NP-complete problems are provably the hardest problems in NP, and NP-hard problems are provably at least as hard as NP-complete problems. An NPhard (or NP-complete) problem is commonly believed computationally intractable in the sense that the running time of any algorithm for the problem scales at least exponentially with the input size. The NP-completeness of the quantum separability problem is first proved by Gurvits [29, 30] ; see [31, 32] for technical improvements. This may be a reason why a lot of effort is devoted to entanglement criteria [9, [33] [34] [35] [36] [37] [38] [39] , which are simple sufficient conditions for entanglement. There are polynomial-time algorithms [40] [41] [42] for the classicality problem (determining whether the quantum discord of a given state is zero), but the computational complexity of quantum discord is not known.
The main contribution of this Letter is to prove the NP-completeness of computing quantum discord. As byproducts several entanglement measures, namely entanglement cost [43] , entanglement of formation [43] , relative entropy of entanglement [44] , and squashed entanglement [45] are NP-hard (or NP-complete) to compute. As applications these results directly imply the NP-hardness (or NP-completeness) of computing (oneway) distillable common randomness, regularized oneway classical deficit, entanglement consumption in extended quantum state merging, the minimum loss due to decoherence of the yield of a family of protocols. There will be more such applications if quantum discord is really an influential concept, and the complexity-theoretic results may offer significant insights into a number of quantum information tasks. In addition, I prove the NPcompleteness of two relevant problems: linear optimization over classical (zero-discord) states and determining whether there are classical states in a given convex set of states. The former is arguably the simplest optimization problem related to classical states, and the latter is just one step further than the classicality problem. Concep-tually, the NP-completeness of these two problems provide strong evidence that working with classical states is generically computationally intractable. Accounting for the finite precision of numerical computing, the formulation of all computational problems in this Letter is approximate. Indeed, I am proving the "stronger" statement that the problems are computationally intractable even if small errors are allowed.
The complexity-theoretic results impose serious fundamental limitations on the future development of quantum discord: the significance of quantum discord is doubtful if one cannot compute it in a given quantum system of moderate size, which motivates a number of interesting open problems or research directions. Is there a polynomialtime approximation algorithm for quantum discord with a moderate (e.g., constant additive) error? Can quantum discord be efficiently computed for certain important classes of quantum states? What is the computational complexity of alternative measures of quantum correlation beyond entanglement (e.g., geometric quantum discord [40] , quantum deficit, etc.)?
NP-hardness (or NP-completeness) of entanglement measures.-We briefly recall the definitions of the entanglement measures under study. See review papers [8, 9] for details. Entanglement cost E C (ρ) [43] is the optimal rate m/n to convert m copies of a two-qubit maximally entangled Bell state to n copies of ρ by LOCC in the asymptotic limit. Conversely, distillable entanglement E D (ρ) [43] is the optimal rate n/m to convert n copies of ρ to m copies of a two-qubit maximally entangled Bell state by LOCC in the asymptotic limit. Entanglement of formation [43] is defined as
Here the infimum is taken over all ensembles of pure states {p i , |ψ i } satisfying ρ AB = i p i |ψ i ψ i |, and S(tr B |ψ i ψ i |) is the von Neumann entropy of the reduced density matrix tr B |ψ i ψ i | or the entanglement entropy of |ψ i . The definition does not change if the infimum is taken over all ensembles of possibly mixed states
quantifies the distance from a state ρ to S (S denotes the set of all separable states), where S(ρ σ) is the quantum relative entropy. Regularized relative entropy of entanglement is given by
Squashed entanglement [45] is defined as
where σ E = tr AB σ ABE , etc. We list several useful properties of these entanglement measures. Let ρ be a bipartite quantum state of dimension m × n. Let
denote the trace norm and the Frobenius norm, respectively. (a) The definition of E F does not change if we restrict the numbers of states in the ensembles to be less than or equal to m 2 n 2 [46] . (b) Entanglement cost is equal to regularized entanglement of formation [47] :
(c) Relative entropy of entanglement E R is a lower bound on entanglement of formation E F [48] , and squashed entanglement E sq is a lower bound on entanglement cost E C [45] . (d) Regularized relative entropy of entanglement and squashed entanglement are faithful [49, 50] :
Lemma 1.-Given a bipartite quantum state ρ of dimension m × n with the promise that either (i) ρ ∈ S or (ii) ρ is δ away from S: inf σ∈S ρ − σ 1 ≥ δ, it is NP-complete [31, 32] to decide which is the case, where δ = 1/poly(m, n) is some inverse polynomial of m, n. Theorem 1.-Given a bipartite quantum state ρ of dimension m × n and a real number a with the promise that either (i) E F (ρ) ≤ a or (ii) E F (ρ) ≥ a + ǫ, it is NPhard to decide which is the case, where ǫ = 1/poly(m, n). The same holds for E C , E sq , E R , E ∞ R . Moreover, E F , E R are clearly in NP, and the certificates of (i) are the optimal ensemble of pure states {p i , |ψ i } and the closest separable state σ, respectively.
The computational problem described in Theorem 1 requires a guess of E F (ρ) as an input. This formulation is reasonable: if we have an efficient subroutine for the problem, we can do a binary search for E F (ρ) by calling the subroutine O(ln(ln(mn)/ǫ)) = O(ln(mn)) times to achieve the precision ǫ. Theorem 1 is totally expected as computing entanglement measures seems more difficult than just detecting entanglement. Indeed, the proof of Theorem 1 is a reduction from Lemma 1. Set a = 0 and ǫ = δ 2 /(2448mn ln 2). (i) if ρ is separable, then
The proof does not apply for distillable entanglement 
is the difference between total correlation, quantified by quantum mutual information
and classical correlation [19] 
Here {Π i } is a measurement on the subsystem B; p i = tr(Π i ρ AB ) is the probability of the ith measurement outcome, and ρ i A = tr B (Π i ρ AB )/p i is the post-measurement state. The infimum is taken either over all von Neumann measurements or over all generalized measurements described by Positive-Operator Valued Measures (POVM); the corresponding notations are D N and D P . The definition of D P does not change if we restrict the number of operators in the POVM to be less than or equal to n 2 . This is because the optimal POVM should be extremal [51] , and an extremal POVM has at most n 2 operators [52] . Regularized quantum discord is given by
Theorem 2.-Given a bipartite quantum state ρ AB of dimension m × n and a real number b with the promise that either (i) D P (ρ AB |B) ≤ b or (ii) D P (ρ AB |B) ≥ b+ǫ, it is NP-hard to decide which is the case, where ǫ = 1/poly(m, n). The same holds for D N , D ∞ N,P . Moreover, D N,P are clearly in NP, and the certificates of (i) are the optimal measurements {Π i } on the subsystem B.
Basically the proof of Theorem 2 is a reduction from Theorem 1 via the Koashi-Winter relation [53] between entanglement of formation and quantum discord, and technically the original proof of the relation is modified by introducing a new ingredient. Given a bipartite quantum state ρ AB of dimension m×n, we construct by diagonalizing ρ AB a tripartite pure state |Ψ ABC of dimension m × n × m 2 n 2 such that ρ AB = tr C |Ψ ABC Ψ ABC | (there exists such a tripartite pure state of dimension m × n × mn, but here we require a larger dimension of C for future use). (A) a POVM measurement {Π i } on the subsystem C produces an ensemble {p i , ρ i } satisfying ρ AB = i p i ρ i , where
, there exists such a von Neumann measurement on C if the dimension of C is greater than or equal to the number of states in the ensemble [54] (this condition is satisfied due to (a)). Then the Koashi-Winter relation
follows immediately from the definitions of E F and D N,P (note that D N = D P in the present case though D N = D P in general). Set b = a+S(ρ AB )−S(ρ A ). We complete the reduction from E F to D N,P by taking ρ BC as the input to the computational problem described in Theorem 2. The regularized Koashi-Winter relation is given by
. (17) Hence we have a similar reduction from E C to D ∞ N,P . These reductions are clearly polynomial-time.
Applications.-Common randomness is a precious resource in cryptography and information theory [55, 56] . One-way distillable common randomness D ← cr (ρ AB ) is the maximum amount of common randomness that can be extracted from a bipartite quantum state ρ AB between Alice and Bob in the asymptotic limit using local operations and one-way classical communication. It is equal to regularized classical correlation [20] :
it is also equal to regularized one-way classical deficit [57] . Hence D ← cr and regularized one-way classical deficit are NP-hard to compute.
Quantum state merging [12, 13] is a quantum information processing primitive of practical interest. Alice and Bob share a bipartite quantum state ρ AB with the goal to transfer Alice's part of the state to Bob by entanglementassisted LOCC. The minimum amount of entanglement that must be consumed in extended quantum state merging (a slight modification of quantum state merging) gives the first operational interpretation of quantum discord [22] , and is hence NP-complete to compute.
Quantum discord quantifies the effect of decoherence in a family of protocols. It gives the minimum difference between the yield of the fully quantum Slepian-Wolf (FQSW) protocol [58] in the presence and absence of decoherence [23] . The same holds for all descendant protocols of FQSW, where "yield" refers to the amount of consumed entanglement in quantum state merging [21] , the amount of distilled entanglement in entanglement distillation [24] , the number of communicated classical bits in superdense coding, and the number of teleported qubits in quantum teleportation. See [23] for details. Hence the minimum loss due to decoherence of the yield of all aforementioned protocols is NP-complete to compute.
Computational complexity of classical states.-A bipartite quantum state ρ AB of dimension m × n is separable if it can be created by LOCC or can be expressed
Here |a i , |b i are pure states in the subsystems A, B, respectively, and p i ≥ 0 satisfy i p i = 1. (*) The definition of separability does not change if we restrict the number of terms in the summation to be less than or equal to m 2 n 2 [34] . ρ AB is quantum-classical or ρ AB ∈ QC if D(ρ AB |B) = 0 (D N and D P define the same set of zero-discord states) or [18] 
Here ρ A i is a possibly mixed state in the subsystem A, and {Π B i } is a von Neumann measurement on the subsystem B. ρ AB is classical-classical or ρ AB ∈ CC if
Lemma 2.-Give a matrix O and a real number c with the promise that either (i) max ρAB ∈S tr(ρ AB O) ≥ c or (ii) max ρAB ∈S tr(ρ AB O) ≤ c − ε, it is NP-complete [31] to decide which is the case, where ε = 1/poly(m, n).
Theorem 3.-Give a matrix O and a real number c with the promise that either (i) max ρAB ∈QC tr(ρ AB O) ≥ c or (ii) max ρAB ∈QC tr(ρ AB O) ≤ c − ε, it is NP-complete to decide which is the case, where ε = 1/poly(m, n). The same holds for the case that the maximization is taken over CC.
The problem is clearly in NP, and the certificate of (i) is the optimal state ρ AB . CC ⊆ QC ⊆ S implies
(24) Lemma 3.-A bipartite quantum state ρ AB of dimension m × n is separable if and only if there exists a state ρ AA ′ BB ′ ∈ CC (across the cut AA ′ |BB ′ ) in an extended Hilbert space such that ρ AB = tr A ′ B ′ ρ AA ′ BB ′ [60] , or if and only if there exists a state ρ ABB ′ ∈ QC such that ρ AB = tr B ′ ρ ABB ′ [61] .
Indeed, by slightly modifying the original proofs in [60, 61] using (*), we can require ρ AA ′ BB ′ and ρ ABB ′ to be of dimensions m 3 n 2 × m 2 n 3 and m × m 2 n 3 , respectively.
Theorem 4.-Given a convex set K of states (indeed, K is given by a polynomial-time algorithm which outputs whether or not a state ρ is in K) with the promise that either (i) K ∩ CC = ∅ or (ii) K is δ away from CC: inf ρ∈K,σ∈CC ρ − σ 1 ≥ δ, it is NP-complete to decide which is the case, where δ = 1/poly(m, n).
The problem is clearly in NP, and the certificate of (i) is an element in K ∩ CC = ∅. The proof of hardness is a reduction from Lemma 1. Given a bipartite quantum state ρ AB , define the convex set
(i) if ρ AB is separable, then K ∩ CC = ∅.
(ii) if inf σAB ∈S ρ AB − σ AB 1 ≥ δ, then
for any ρ AA ′ BB ′ ∈ K and σ AA ′ BB ′ ∈ CC as · 1 is non-decreasing under partial trace [62] and σ AB = tr A ′ B ′ σ AA ′ BB ′ is separable. The reduction is polynomialtime. This work was supported by ARO via the DARPA OLE program.
